Abstract. Inspired by M. Haiman's Operator Theorem, we study Sn-modules of polynomials in ℓ sets of n variables, generated by a given homogeneous diagonally symmetric polynomial f . These modules are closed by taking partial derivatives, and generalized Sn-invariants polarization operators. We completely classify these modules (according to Frobenius transform) when they are generated by degree 2 and degree 3 homogeneous symmetric polynomials. For the classification of modules associated to homogeneous degree 3 symmetric polynomials we introduce the notion of n-exception and we give an interesting conjecture to characterise this notion. We compute general formulas for the vector-graded Frobenius transform of Sn-modules generated by degree 4 and degree 5 polynomials that seems to be universal.
Introduction
Let x := x 1 , x 2 , . . . , x n and ∂ . Inspired by Haiman's Operator Theorem (see [14] ) we study S n -modules in ℓ sets of n variables, generated by a given homogeneous symmetric polynomial f . These modules are closed under taking partial derivatives and generalized S n -invariants polarizations operators ( [8, 10, 11] ). The case when ℓ = 1 and f is the antisymmetric polynomial ∆ n (x) = 1≤i<j≤n (x i −x j ) (the Vandermonde determinant) is well known. In this case we get the span of ∆ n (x) and all it's partial derivatives that coincides with the space of harmonic polynomials H n , that is, the space of polynomials zeros of the power sum differential operators p k (∂ x ) = n i=1 ∂ k xi with k such that 1 ≤ k ≤ n, (see [3, 4] ). The dimension of the space H n is n! (see [7] ). In the nineties the case when ℓ = 2 and f = ∆ n (x) was deeply studied (see [8, 14] ). In this case we get the smallest vector space closed by derivatives and by taking polarization operators E p := n j=1 y i ∂ p xj containing ∆ n (x) coindices with the space of diagonal harmonics polynomials D n (see [14, 9] ). The dimension of the space D n is (n + 1) n−1 . For ℓ = 3 and f = ∆ n (x), M. Haiman conjectured that the space of trivariate diagonal harmonics H
n , that is, the subspace of polynomials zeros of the polarized power sums operators p (a,b,c) (∂X) := (see [3] ), where 1 ≤ a + b + c ≤ n, coincides with the smallest vector space closed by taking partial derivatives ∂ x , ∂ y , ∂ z and polarization operators E (p) uv where u and v belongs to {x, y, z} (repetition is allowed, i.e., we can have E (p)
x,x , E (p) y,y and E (p) z,z ). He also set a conjectural formula for the dimension of this space dim H (3) n = 2 n (n + 1) n−2 , (see, [8, 9] ). For arbitrary ℓ and f = ∆ n (x) F. Bergeron conjectured that the space of multivariate harmonic polynomials H (ℓ)
n coincides with the smallest vector space containing ∆ n (x) closed under taking partial derivatives and polarizations operatos E (p) [2, 3] ). The goal of this paper is to study the case when f is a given homogeneous diagonally symmetric polynomial for arbitrary ℓ and n, more precisely, given an homogeneous diagonally symmetric polynomial f , we study here the smallest vector space M f , containing f , closed under taking partial derivatives and closed by polarizations operators E (p) i,k . We call the space M f the polarization module associated to f . We completely classify this spaces when f is of degree 2 and 3 for arbritrary ℓ and n (see Theorems 4.2 and 4.3). For the case of degree 3, we introduce the notion of n-exception in the real projective space RP 
1,1 (f ) is a linear combination of the first order derivatives ∂ 11 f, . . . , ∂ 1n f . We have the conjecture that a point [a : b : c] ∈ RP 3 is a n-exception if and only if n 1 a(n 2 b + n 3 c) = n 4 b 2 where n 1 , n 2 , n 3 and n 4 are all positive integers depending only on n (see Conjecture 6.4). As a result we find out that there are only three such spaces, the polarization module associated to the points [1 : 3 : 6] and wheter [a : b : c] is or not an n-exception we get the points [1 : 0 : 0] and [1 : 1 : 1]. We compute (up to ℓ = 3 and n = 6) general formulas for the vector-graded Frobenius transform of S n -modules generated by degree 4 and degree 5 polynomials that seems to be universal, that is, they holds for any ℓ ≥ 1 (see tables 2, 3, 4, 5) . This framework lead us to think that the Hilbert Series of the polarization modules associated to any homogeneous symmetric polynomial is allways h-positive (see Conjecture 6.3) .
Preliminaries
We consider a ℓ×n matrix X. For any fixed integer i with 1 ≤ i ≤ ℓ we call the row x i := (x i1 , . . . , x in ) the i th set of variables. In order to simplify we often write
We choose to denote by X j the j th column of X for 1 ≤ j ≤ n. We have the same convention for any ℓ × n non negative matrix A. The set of non-negative matrices is denoted by N ℓ×n . We consider monomials
these monomials form a basis of the C-vector space of polynomails in ℓ sets of n variables R (ℓ)
. We have the diagonal action of the group symmetric group S n on R (ℓ) n given on monomials by
A polynomial f invariant under the diagonal action of S n is said to be a diagonally symmetric polynomial (see [5] ). We use the diagonally symmetric polynomials as
ℓ,j and the following generating series
We set p m (
which is a homogeneous and diagonally symmetric polynomial of degree d.
n given by
The space R
n is a polynomial representation of GL ℓ (C) with the action given in formula 5. It's well known that these two actions commute (see [11] ) and then we can consider the space R
n is said to be homogeneous if it satisfies f (QX) = q d f (X), where Q is the diagonal matrix
n is by definition a subspace V that affords a basis B consisting of homogeneous polynomials, then V is a GL ℓ (C) representation and it's GL ℓ (C)-character is the Hilbert series V (q) := g∈B q deg(g) . The graded Frobenius characteristic of V is defined as follows
where
It is a classic fact of Representation Theory (see [2] ) that the Frobenius characteristic of any homogeneous subspace V of R
n has the universal form (that is, not depending on ℓ)
where ℓ(µ) ≤ n (see [2] for more details). The lower case Schur functions s µ (q) encode the irreducible polynomial representations of GL ℓ (K) in V of type µ, and the upper case Schur functions S λ (w) encodes the irreducible S n -modules in V de type λ. In this case, it is well known that the Hilbert Series of V given by V (q) = d∈N ℓ f λ a λ,µ s µ (q) where f λ is the number of standard Young tableaux of shape λ, in other words, we apply the transformation S λ (w) −→ f λ to the formula 7.
Definitions and discussions
We denote the partial derivative operator on R [6, 10] , and [11] for more details). A subspace V of R (ℓ) n is said to be closed by derivatives if ∂ ij g ∈ V for all g ∈ V and all suitable (i, j). We say that V is closed by polarization if E (p) i,k (g) ∈ V for all g ∈ V and all suitable triple (i, k, p).
Polarization and Restitution operators
2,1 , and the d-restitution operator by
To study the effect of iterated polarizations operators we have to consider the folowwing identity
Generalized polarization modules
n is called a homogeneous stable family if we have the two following conditions:
1. F consist only of homogeneous polynomials, all of the same degree, 2. F is stable (or S n -stable), that is, for any permutation σ ∈ S n we have σ · g ∈ F , for all g ∈ F . f the space M f , when we want to specify that polarizations are made with ℓ sets of n-vector variables x i = (x i1 , . . . , x in ).
Properties of S n -modules M F
It is a classical fact that a subspace V of R (ℓ) n is closed by polarization operators E i,k if and only if V is a GL ℓ (C)-module, with the action in formula 5. For more details, see for instance the book by C. Procesi [11] . It is not hard to show that for any homogeneous stable family F , the vector space M F is a S nmodule with the diagonal action given in formula 3. In fact, for any g we have
The goal of this paper is to start a framework for complete classification of the spaces M f , when f is a given homogeneous symmetric polynomial according to its Frobenius characteristic. To do this, we compute explicit universal formulas for the graded Frobenius characteristic of these spaces in the form 7, more specifically
4 Frobenius characteristics of some general polarization modules 
then the Frobenius characteristic of the space M f is given by one of the following two cases: 
Exceptions
We denote by RP n the n-dimensional real projective space. By definition M f ∼ = M k·f for every k ∈ R. Thus, we identify a homogeneous symmetric polynomial written as f (
With this notation, it is easy to see, for instance e 
1,1 f is not a linear combination of the derivatives ∂ 11 f, . . . , ∂ 1n f . For instance, for every n ≥ 3, the point [1 : 
then the Frobenius characteristic of the S n -module M f is given by one of the following three cases: 
Outline of Proofs
In the following lines we give several lemmas leding to the proofs of the results of last section. M f have a graduation by the (vector) degree, and we shall write this as
To show the following lemma we simply use generating series, formula 8, and the identity
Lemma 5.1 The operator E d is the inverse of E d up to a constant factor.

Corollary 5.1 For any
d ∈ N ℓ such that d = m we have the identities: M e m 1 = M e d 1 , M pm = M p d , M em = M e d , M hm = M h d .
Lemma 5.2 For each
is given by the set 
Lemma 5.4
For d ∈ N ℓ and S ⊆ {x 11 , x 12 , . . . , x 1n } such that |S| + |d| = m. We have the identity:
where T = {X j : x 1j ∈ S} is a subset of columns of X, and ∂ S is the differential operator obtained by applying repeatedly the partial derivative with respect to each variable in S to the polynomial e m (x 1 ).
We set Col(X) to be the set of columns of the matrix X.
Lemma 5.5 Let m > 0 be an integer and f
given by the rule:
Then the dimensions of the homogeneous components are given by:
6 Conjectures 
Conjecture 6.1 The classification given by tables 3 and 4 is complete, that is, if f is any homogeneous diagonally symmetric polynomial of degree 4 (respectively, degree 5) then the Frobenius characteristic of the module M f is one of the formulas in the table 3 (respectively, table4).
Looking at tables 2, 3 and 4 we are lead to think that 
where the sum runs over the set of partitions µ of integers less or equal to deg(f ).
We have verified the following conjecture for n from 3 to 67. 
if n is even.
n is odd.
.
Partial results
Tab. 2:
Frobenius characteristic for degree 3
. ∀ n ≥ 4.
